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Marks will be awarded for your best four answers.

We consider the 3D Euler equations for an incompressible fluid of a constant unit
density.

(1) Derive the Lagrangian form of the equations of motion

DU,' aX,' o 8p
Dt 6aj o 831'

oxi . . _ : : :
where a—a' .1, = 1,2,3 denotes the Jacobian matrix associated with the trans-
J
formation between spatial coordinates x and material coordinates a. (4 marks)

(2) Derive
D\ __2 (,
Dt '631 N aaj P 2 .

(7 marks)
(3) Hence derive the Weber transform
8><,- 6¢
(a2 _ a0y =-2¥ 1.1
ua 05, ~ul@.0)= -5 (L.1)
by suitably defining 1. (7 marks)

(4) Identify (1.1) as a form of the impulse vy = u+V ¢, after suitable arrangements.
State which gauge you have chosen. (7 marks)
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2 We consider Burgers equation in R*

ou ou o%u

- =y 2.1
ot * Yox T Vaxe (2.1)
with an initial condition u(x, 0) = up(x).
: : _ 6l . :
(1) Introducing a velocity potential ¢ by v = Ix’ derive its equation
¢ 1 [0p\° 8%
T 2] ==L 2.2
ot T2 (ax) Yoxz (2:2)
by choosing a constant of integration suitably. (7 marks)
(2) Show that (2.2) is invariant under the following set of transformations
X — ax, t — a’t,
where a(> 0) is an arbitrary parameter. (4 marks)

(3) By assuming ¢ = F(8), where 6 is a solution of the heat diffusion equation

06 0%
ot “ox2

derive the ordinary differential equation

FE) _ 1 (dFE)N
= —z( . ) | (2.3)
(7 marks)
(4) Determine ¢ explicitly by solving (2.3). (7 marks)
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3 Consider a model equation for vorticity w defined in R':
0
a_c;; = wH[w], (3.1)

with an initial condition
w(x,t =0) = wo(x).

Here H[w] denotes the Hilbert transform on R!

Hlo) = - f~ “Pay

o XY

where ][ is a principal value integral.

You may assume the following formulas

a X X a
H = , H = ——,
[x2+a2] x? + a2 [x2+a2] x? + a2
where a is a constant.
(1) Show that a solution of the following form

a(t)

w(x, t) = S a(1)?

is inconsistent with (3.1), that is, a = 0 is the only possible solution. (6 marks)

(2) Show that a solution of the following form

wix, t) = ———

x2 + a(t)?
is consistent with (3.1) by determining a(t) in terms of a; = a(0). (6 marks)
(3) Determine maxw(t) and max H[w](t) and the distance between these maxima.
Assume that a(OX) < 0. ) (7 marks)
(4) Sketch the graphs of w(x, t) and H[w](x, t) at some t > 0. (6 marks)
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4 We consider a system of N point-vortices:

dX,‘ . OH dy, _6H

Ki— = —, Ki— = , (no summation),
I dt 8y, ! dt aX,' ( “ I )

where (x;,y;), i = 1,2,..., N, are coordinates of a point vortex of strength k.
Here,

N
1

ij=1

ri = (x; — x)2 + (yi — y;)2, f(r) is smooth except for r = 0 and Z' denotes a
summation excluding j = I.

(1) Show that the equations of motion can be written as

dX,' -1 N ,
gt om > k(v = vi)glry),
=1

N
dy,- . 1 ,
9t = op 2 kil = x)g (1)
Jj=1
Express g(r) in terms of f(r). (6 marks)

(2) Show that

N N N
Z KiXj, Z KiYi, Z ki(xF + v7)
i—1 i—1 i—1

are constants of motion for general f(r). (6 marks)
(3) Show that H is a constant of motion for general f(r). (3 marks)
(4) Show that the motion of a vortex pair: N =2, k1 = —ky(= k > 0), is a parallel

: : 1 :
translation with a constant speed, for f(r) = Iog; (Case 1: the conventional

point vortices) and f(r) = — (Case 2; a modified version). State in which case

~ | =

the vortices move faster if the mutual distance is sufficiently short. (10 marks)
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5 Consider the dynamical equation for a vortex patch in complex notation
0z(a, t) 1 [ 0z(B, t)
- _ [ 1) —  t dg, 5.1
T o | og |z(a, t) — z(B, 1) 0 B (5.1)
where z(a, t), 0 < a < 27 denotes the position of the boundary of the patch.
. _ oz(a,t
(1) Derive an equation for w(a, t) = % as
Ow(a, t) 1 [ w(a, t)
- , t)dg,
ot o J, a1 - 261 B
where Re denotes the real part. (8 marks)

(2) Derive

) = Julet) - %/o m <Z(a,f)(oi, ?(ﬁ, r)) w52

where Im denotes the imaginary part. You may assume the formula

—Z

1 f(Q)d¢ 1
27”,][ R = Ef(z), for z € 0D,
oD

where f is analytic in domain D on the complex plain and its boundary 0D.
(8 marks)

(3) Show that the second term on the right-hand-side of the equation (5.2) van-
ishes for z = zy(a) = €'*. Hence obtain a particular solution

z(a, t) = etz (a).

Give a physical meaning of this solution. (9 marks)

End of Question Paper

MAS411 5



