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1 (i) The seond order pde

A
∂2Φ

∂x2
+ B

∂2Φ

∂x∂y
+ C
∂2Φ

∂y 2
+D
∂Φ

∂x
+ E
∂Φ

∂y
+ F = 0,

where A, B, C, D, E and F are arbitrary onstants, an be lassi�ed as

being either ellipti, paraboli or hyperboli aording to the values of A, B

and C.

(a) For eah of the three types of pde, give a simple example of a

physial system whih is modelled by that type. (3 marks)

(b) State what onditions on A, B and C are required for the equation

above to be ellipti, and state what additional onditions are then

required to solve the problem. (3 marks)

(ii) The one-dimensional di�usion equation, together with neessary additional

onditions, is given by

∂U

∂t
= α
∂2U

∂x2
, U(x, 0) = f (x), U(0, t) = a, U(1, t) = b

where α is the di�usion oe�ient. Using the standard notation that Ui j ≡

U(xi , tj) together with the onventions that i = 1 and i = n orrespond

to x = 0 and x = 1 respetively and that j = 1 orresponds to t = 0, use

the standard �nite di�erene approximations, given on the formulae sheet,

together with the notation k = ∆t/∆x2, to derive the expliit sheme

Ui j = αk(Ui+1j−1+Ui−1j−1)+(1−2αk)Ui j−1 , i = 2, .., n−1, j = 2, 3, ..

whih approximates the di�erential equation. (3 marks)

(iii) The di�usion equation is to be solved (approximately) over the range

0 ≤ x ≤ 1 for the temperature distribution along a given steel billet

with boundary onditions U(0, t) = 20oC and U(1, t) = 100oC and ini-

tial onditions U(x, 0) = 80x2 + 20, where it is assumed that the units

have been normalized so that α = 1. Assuming that we use ∆x = 0.025

and ∆t = 0.0005, then write a program whih uses the expliit sheme

to generate the approximate solution up to t = 1. You may use a pro-

gramming language from amongst Silab, Matlab, Fortran, Python or IDL.

State learly whih language you are using. (11 marks)
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2 (i) A vanishingly small fore, ∆f, ats on a surfae of vanishingly small area,

∆A, drawn on the interior of a solid body. Using a diagram to larify things,

de�ne what is meant by the stress at a point P in ∆A and explain, brie�y,

why a omplete mathematial desription of stress requires it to be de�ned

as a two-index tensor. (6 marks)

(ii) A onrete slab, of unit thikness in the z-diretion, is loaded with body-

fores f and is in a state of plane stress so that σzz = σxz = σyz = σzx =

σzy = Fz = 0. By onsidering only the balane of fores in the x-diretion,

use a diagram to derive the x-omponent of the equations of stati equi-

librium and hene infer for the general ase (i.e. when σzj , σiz , Fz 6= 0) the

full set of fore-balane equations for a three-dimensional body.

(14 marks)
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Figure 1: Two-dimensional strain

3 (i) By referene to Figure 1, de�ne the normal strain, εyy , and the engineering

shear strain, γyx , and hene show that

εyy =
∂v

∂y
, γyx =

∂v

∂x
+
∂u

∂y
,

where u is the displaement in the x-diretion and v is the displaement

in the y -diretion of the body ABCD due to the stress fores ating on its

surfaes. (12 marks)
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3 (ontinued)

(ii) The elasti onstitutive matrix applying to the engineering strains for an

isotropi material is given by

C =







































(λ+ 2µ) λ λ 0 0 0

(λ+ 2µ) λ 0 0 0

(λ+ 2µ) 0 0 0

µ 0 0

sym µ 0

µ







































where

λ =
Eν

(1 + ν)(1− 2ν)
, µ =

E

2(1 + ν)
.

Given further that E = 33.0GPa, ν = 0.185, and that a state of strain

de�ned by εxx = 1010 × 10
−6
, εyy = −0.28εxx , εzz = −0.19εxx , εxy =

227× 10−6, εyz = 427× 10
−6

and εzx = −71× 10
−6

exists at a point in a

given isotropi material, alulate the orresponding state of stress at the

point. (8 marks)
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Figure 2: A retangular plate with temperature de�ned on the boundaries.

4 Figure 2 shows a retangular plate made of a homogeneous isotropi material. The

temperature distribution in this plate satis�es the indiated boundary onditions

(given in degrees entigrade) and has reahed a steady-state ondition so that it

is desribed by Laplae's equation

∂2T

∂x2
+
∂2T

∂y 2
= 0.

(i) Draw a sketh of the solution domain showing learly the line of symme-

try for the temperature distribution and indiating whih of the unknown

temperatures are equal to eah other. (4 marks)

(ii) Use the �nite di�erene formulae on the formulae sheet to formulate the

�nite di�erene equations required to �nd estimates of the nodal temper-

atures, TA, TB, TC and TD. (10 marks)

(iii) Express these �nite di�erene equations in the form AT = B where A is a

4×4matrix, T = (TA, TB, TC, TD)
T
and B = (−160,−160,−200,−240)T

is a 4× 1 olumn vetor. Find matrix A, hene, given that

A−1 ≈









−0.27 −0.07 −0.02 −0.01

−0.07 −0.29 −0.08 −0.02

−0.02 −0.08 −0.31 −0.08

−0.01 −0.04 −0.15 −0.29









estimate TA, TB, TC and TD orret to one degree. (6 marks)
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5 The veloity �eld in an unsteady moving �uid is given by V = ui+ v j+wk, where

u ≡ u(x, y , z, t), v ≡ v(x, y , z, t) and w ≡ (x, y , z, t).

(i) By onsidering the density, ρ(x, y , z, t), and an in�nitesimal ontrol volume,

δV, in the �uid moving from a point (x1, y1, z1) at time t1 to a point

(x2, y2, z2) at time t2, then derive the substantial (or total) derivative

Dρ

Dt
=
∂ρ

∂t
+ u
∂ρ

∂x
+ v
∂ρ

∂y
+ w

∂ρ

∂z

of ρ and interpret the meanings of the �rst two terms on the right-hand

side of this latter expression. (12 marks)

(ii) G, the url of a vetor �eld F, may be expressed in index notation as

Gi = εi jk
∂Fk
∂xj

where i , j, k may eah take any of the values 1, 2, 3.

The omponents of the Levi-Civita tensor ε123 = ε231 = ε312 = 1, ε132 =

ε213 = ε321 = −1, and are zero otherwise. A useful relation between the

Levi-Civita tensor and the Kroneker delta is

εi jkεimn = δjmδkn − δjnδkm

The vortiity of a �uid is ~ω = ∇× u, the url of the veloity �eld u. The

url of the vortiity is ∇ × ~ω. Verify by index notation or otherwise that

the url of the vortiity may be expressed as ∇(∇ · u) −∇2u. (8 marks)

End of Question Paper
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Formulae Sheet

Notation:

U(xi , tj) ≡ Ui j

Forward di�erene formula for ∂U/∂t:

∂U

∂t
≈
Ui ,j+1 − Ui j
∆t

Bakward di�erene formula for ∂U/∂t:

∂U

∂t
≈
Ui j − Ui ,j−1
∆t

Central di�erene formula for ∂U/∂x :

∂U

∂x
≈
Ui+1,j − Ui−1,j
2∆x

Central di�erene formula for ∂2U/∂x2:

∂2U

∂x2
≈
Ui+1,j − 2Ui j + Ui−1,j

∆x2
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