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MAS152 Essential Mathematical Skills and 3 hours
Techniques

Attempt ALL questions.

FEach question in Section A carries 3 marks,
each question in Section B carries 8 marks.

Section A

42
Al Let f(z) = 25 - Sketch the curve y = ().

1
A2 Tet f(z) = 56“3“. Find f~'(x) and state its domain and range.

of of 2 f
A3 If = zln(z® +y°), find ==, — :

rsing
A4 Use I'Hopital’s Rule to evaluate lim ( 5 >
z—0 \ sinh” =

A5 Find all the complex numbers z for which |z — 1| = v/3 and 2.z = 4, where 7 is
the complex conjugate of 2.
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A6 Find the value of ¢ for which a = (3,—1,2) and b = (4,2,¢) are perpendicular.
For this value of ¢, evaluate a x b and find a unit vector in the direction of a x b.

A7 Find the definite integral / z(In r)*dz using integration by parts.
1

|
A8 Find the indefinite integral / T

3 2 -1 2
31 1 =2
calculate it or say why it doesn’t exist.

A9 Let A = [ ] and B = [ ] For each of A™'B and B 'A, either

A10 Find the particular solution of the differential equation
d
(1+ ZL‘2)£ =2y + 2z

for which y = 1 when = = 0.

A11 For which real values of a does the system of linear equations below have infinitely
many solutions for x, y and z? You do not need to find x, y and z.

2v +ay = 0
r —y +az = 0
r +3y + z = 0.

A12 Find the values of k for which y = €** is a solution to

3 2
&y 4y d

Yy
— + 6y =0.
dx? dx? dm+ y
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Section B

B1 Find the Maclaurin expansion of f(z) = sin™'z up to and including the term

involving 2°. By considering the expansion of (1 + y)% or otherwise, find the

Maclaurin expansion of (1 — sin™! x)% up to and including the z*-term.
B2 Find and classify the stationary points of f(z,y) = 2* + 4zy — 2y — 7.

B3 (i) Let z = cosf + isinf. By calculating 2° in two different ways, show that
cos(50) = 16 cos® § — 20 cos® § + 5 cos 6.

. : 3\ . :
(ii) Use part (i) to show that cos (10) is a solution to 162" —202° +5 = 0, and
hence find its precise value (expressed using square-roots, not as a decimal).

: o . 3\ . .
(You may use without justification that cos (10) is the smallest positive

root, of this equation.)

B4 Particles A and B have position vectors r4 and rg at time ¢ given by

ra = (cos(mt),sin(nt),t)
rg = (1—2t0,t%).

(i) Show that at ¢ = 0, particles A and B are in the same position and that
the velocity of A is perpendicular to the velocity of B.

(ii) Determine whether the particles collide at some value of ¢ > 0.

(iii) Describe the path taken by particle A assuming its path is unaffected by
any collision with particle B, and draw a rough sketch.

B5 Let t = tanh(z). Show that cosh(2z) = (1 + t*)/(1 — t?), sinh(2x) = 2t/(1 — %)

dx 1

—=——H h h
and i [ p ence show that

dx 1
———— = —In| tanh
/sinh(zg;) p Inftanh] +c
and find /dx.
J cosh(2x)

(Note: there are formulas for hyperbolic functions on the formula sheet.)
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B6 Recall that a 2 x 2 matrix A represents a transformation of the plane: given a

Y

By working out their effects on the square with corners at (1,1), (1,—1), (=1,1)
and (—1,—1) (or otherwise), describe the transformations represented by the
matrices below.

point with coordinates (z,y), the new coordinates are given by A < v )

(10
Al:_oJ
[0 1
AQ__lO]
[0 -1
A = 10]

IS
I
Sl =Sl

—_
[\

S

1 2 1
B7 Let A=| 6 —1 0 |[. Find all eigenvalues and eigenvectors of A.
-1 -2 -1

B8 Find the general solution to the differential equation

y" — 4y’ + 4y = €” cos .

End of Question Paper
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