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❆♥s✇❡r ❢♦✉r q✉❡st✐♦♥s✳ ■❢ ②♦✉ ❛♥s✇❡r ♠♦r❡ t❤❛♥ ❢♦✉r q✉❡st✐♦♥s✱ ♦♥❧② ②♦✉r ❜❡st ❢♦✉r ✇✐❧❧

❜❡ ❝♦✉♥t❡❞✳

✶ ✭✐✮ ❊①♣r❡ss

(1 + i
√
3)7

(−1 + i)17

✐♥ t❤❡ ❢♦r♠ reiθ ✇✐t❤ r > 0 ❛♥❞ −π < θ ≤ π ✳ ✭✹ ♠❛r❦s✮

✭✐✐✮ ❙t❛t❡✱ ✇✐t❤♦✉t ♣r♦♦❢✱ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t✐❡s ❢♦r | z + w| ❛♥❞ | z − w| ✳
✭✶ ♠❛r❦✮

▲❡t D = {z ∈ C : |z − 2i| < 1}✳ Pr♦✈❡ t❤❛t ❢♦r ❛❧❧ z ∈ D✱

√
5− 1 < |z + 1| < 1 +

√
5. ✭✸ ♠❛r❦s✮

❙❦❡t❝❤ D ❛♥❞ s❤♦✇ t❤❛t ❢♦r ❛❧❧ z ∈ D✱
∣

∣

∣

∣

sin z

z + 1

∣

∣

∣

∣

<
cosh 3√
5− 1

. ✭✻ ♠❛r❦s✮

✭✐✐✐✮ ❋✐♥❞ ❛❧❧ t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥✿

2 cos z + 4i sin z = 1✳ ✭✻ ♠❛r❦s✮

✭✐✈✮ ❚❤❡ ♣❛t❤ γ ❝♦♥s✐sts ♦❢ t❤❡ str❛✐❣❤t ❧✐♥❡ s❡❣♠❡♥t ❢r♦♠ 0 t♦ 2i ❢♦❧❧♦✇❡❞ ❜② t❤❡
str❛✐❣❤t ❧✐♥❡ s❡❣♠❡♥t ❢r♦♠ 2i t♦ −2 + 2i ❢♦❧❧♦✇❡❞ ❜② str❛✐❣❤t ❧✐♥❡ s❡❣♠❡♥t ❢r♦♠ −2 + 2i
t♦ −2✳ ❊✈❛❧✉❛t❡

∫

γ

(❘❡ z + ■♠ z + cos z) dz . ✭✺ ♠❛r❦s✮
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✷ ✭✐✮ ❉❡✜♥❡ ✇❤❛t ✐s ♠❡❛♥t ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ st❛t❡♠❡♥ts✿

✭❛✮ ❆ ❢✉♥❝t✐♦♥ f ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t t❤❡ ♣♦✐♥t z0 ❀
✭❜✮ ❆ ❢✉♥❝t✐♦♥ f ✐s ❛♥❛❧②t✐❝ ✐♥ ❛ r❡❣✐♦♥ D✳ ✭✷ ♠❛r❦s✮

▲❡t

g(z) =
z sin z

ez(1 + cos (πz))3
.

❉❡❝✐❞❡ ✇❤❡r❡ g ✐s ❛♥❛❧②t✐❝ ❣✐✈✐♥❣ r❡❛s♦♥s ❢♦r ②♦✉r ❛♥s✇❡r✳ ✭✺ ♠❛r❦s✮

✭✐✐✮ ❙t❛t❡✱ ✇✐t❤♦✉t ♣r♦♦❢✱ t❤❡ ❈❛✉❝❤②✲❘✐❡♠❛♥♥ ❡q✉❛t✐♦♥s ❢♦r ❛ ❞✐✛❡r❡♥t✐❛❜❧❡
❢✉♥❝t✐♦♥✳ ✭✶ ♠❛r❦✮

▲❡t h(z) = h(x+iy) = u(x, y)+iv(x, y) , ✇❤❡r❡ u ❛♥❞ v ❛r❡ r❡❛❧ ✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s✳
Pr♦✈❡ t❤❛t✱ ✐❢ h ✐s ❛♥❛❧②t✐❝ ✐♥ C ❛♥❞ u ❛♥❞ v s❛t✐s❢② t❤❡ r❡❧❛t✐♦♥ veu = 5 ❡✈❡r②✇❤❡r❡ t❤❡♥
h ✐s ❝♦♥st❛♥t✳ ✭✻ ♠❛r❦s✮

✭✐✐✐✮ ■♥ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛s❡s✱ ❞❡t❡r♠✐♥❡ ✇❤❡t❤❡r t❤❡r❡ ✐s ❛ ❢✉♥❝t✐♦♥ k

❛♥❛❧②t✐❝ ♦♥ C ✇✐t❤ ❘❡ (k(x+ iy)) = u(x, y)✱ ❣✐✈✐♥❣ r❡❛s♦♥s ❢♦r ②♦✉r ❛♥s✇❡rs✿

✭❝✮ u(x, y) = x2 + sin x+ cosh y ,

✭❞✮ u(x, y) = 3x3 − 9xy2 + 3x+ 2 .

❲❤❡♥ k ❡①✐sts✱ ✜♥❞ ❛♥ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥ ❢♦r k(z) ✐♥ t❡r♠s ♦❢ z ❛♥❞ s❤♦✇ t❤❛t
②♦✉ ❤❛✈❡ ❢♦✉♥❞ ❛❧❧ t❤❡ ❢✉♥❝t✐♦♥s s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s✳ ✭✼ ♠❛r❦s✮

✭✐✈✮ ❚❤❡ ♣❛t❤ α ❝♦♥s✐sts ♦❢ t❤❡ str❛✐❣❤t ❧✐♥❡ s❡❣♠❡♥t ❢r♦♠ −1 t♦ −1+2i ❢♦❧❧♦✇❡❞
❜② t❤❡ str❛✐❣❤t ❧✐♥❡ s❡❣♠❡♥t ❢r♦♠ −1 + 2i t♦ 1 + 2i ❢♦❧❧♦✇❡❞ ❜② t❤❡ str❛✐❣❤t ❧✐♥❡ s❡❣♠❡♥t
❢r♦♠ 1 + 2i t♦ 1✳ ❙❤♦✇ t❤❛t

∣

∣

∣

∣

∫

α

cos z̄ dz

∣

∣

∣

∣

≤ 6 cosh 2. ✭✹ ♠❛r❦s✮
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✸ ❙t❛t❡✱ ✇✐t❤♦✉t ♣r♦♦❢✱ ❈❛✉❝❤②✬s ❚❤❡♦r❡♠ ❛♥❞ ❈❛✉❝❤②✬s ■♥t❡❣r❛❧ ❋♦r♠✉❧❛❡ ❢♦r ❛
❢✉♥❝t✐♦♥ ❛♥❞ ❢♦r ✐ts ❞❡r✐✈❛t✐✈❡s✳ ❨♦✉r st❛t❡♠❡♥t s❤♦✉❧❞ ✐♥❝❧✉❞❡ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤
t❤❡ r❡s✉❧ts ❛r❡ ✈❛❧✐❞✳ ✭✼ ♠❛r❦s✮

▲❡t γ ❜❡ t❤❡ tr✐❛♥❣✉❧❛r ❝♦♥t♦✉r ✇✐t❤ ✈❡rt✐❝❡s 0, 2 − 2i, 2 + 2i ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❛♥t✐✲
❝❧♦❝❦✇✐s❡ ❞✐r❡❝t✐♦♥✳ ❲✐t❤♦✉t ✉s✐♥❣ t❤❡ ❘❡s✐❞✉❡ ❚❤❡♦r❡♠✱ ❡✈❛❧✉❛t❡

✭✐✮

∫

γ

z2 sinh z

z − 1
dz , ✭✐✐✮

∫

γ

cosh z

4z2 − 1
dz ,

✭✐✐✐✮

∫

γ

(z5 + 1) cosh z

z + 1
dz , ✭✐✈✮

∫

γ

cosh z

(3z − 1)3
dz ,

✭✈✮

∫

γ

❘❡z dz .

✭✶✻ ♠❛r❦s✮

❉❡❞✉❝❡ t❤❛t
∫

γ

(z + cos z) dz = 8i. ✭✷ ♠❛r❦s✮
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✹ ✭✐✮ ▲❡t

f(z) =
1

(z − 3)
.

❋✐♥❞ t❤❡ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ♦❢ f(z) ❛❜♦✉t t❤❡ ♣♦✐♥t −1✱ ❣✐✈✐♥❣ ❛♥ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❣❡♥❡r❛❧
t❡r♠✳ ✭✸ ♠❛r❦s✮

❲❤❡r❡ ✐s t❤✐s ❡①♣❛♥s✐♦♥ ✈❛❧✐❞❄ ✭✶ ♠❛r❦✮

✭✐✐✮ ❊①♣❧❛✐♥ ❤♦✇ ▲❛✉r❡♥t ❡①♣❛♥s✐♦♥s ❛r❡ ✉s❡❞ t♦ ❝❧❛ss✐❢② ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r✐t✐❡s✳
✭✺ ♠❛r❦s✮

❋♦r ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥s✱ ✜♥❞ ❛❧❧ t❤❡ s✐♥❣✉❧❛r✐t✐❡s ✐♥ C✳ ❈❧❛ss✐❢② t❤❡s❡
s✐♥❣✉❧❛r✐t✐❡s ❣✐✈✐♥❣ r❡❛s♦♥s ❢♦r ②♦✉r ❛♥s✇❡rs ❛♥❞ ❡✈❛❧✉❛t❡ t❤❡ r❡s✐❞✉❡ ❛t ❡❛❝❤ ♦❢ t❤❡♠✿

✭❛✮ (z2 − 1) cos

(

1

z − 1

)

, ✭✺ ♠❛r❦s✮

✭❜✮
1 + eπiz

z − 1
, ✭✸ ♠❛r❦s✮

✭❝✮
cos z + 2 cosh z

z7
, ✭✹ ♠❛r❦s✮

✭❞✮
1 + eπiz

(z + 1)3
. ✭✹ ♠❛r❦s✮
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✺ ✭✐✮ ▲❡t γ ❜❡ t❤❡ tr✐❛♥❣✉❧❛r ❝♦♥t♦✉r ✇✐t❤ ✈❡rt✐❝❡s 4i,−4i, 2 ❞❡s❝r✐❜❡❞ ✐♥ t❤❡
❛♥t✐✲❝❧♦❝❦✇✐s❡ ❞✐r❡❝t✐♦♥✳ ❊✈❛❧✉❛t❡

∫

γ

cosh z

1 + eiπz
dz ,

∫

γ

1

(z − 1)2 cos πz
dz , ✭✶✹ ♠❛r❦s✮

✉s✐♥❣ ❈❛✉❝❤②✬s ❘❡s✐❞✉❡ ❚❤❡♦r❡♠✳

✭✐✐✮ ▲❡t α > 0✳ Pr♦✈❡ t❤❛t

∫

∞

−∞

x3 sinαx

x4 + 4
dx = πe−α cosα. ✭✶✶ ♠❛r❦s✮

End of Question Paper
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