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MAS250

SCHOOL OF MATHEMATICS AND STATISTICS Autumn Semester
2010-2011

Mathematics Il (Materials) 2 hours

Marks will be awarded for answers to all questions in Section A, and for your best
THREE answers to questions in Section B. Section A carries 40 marks, and the marks
awarded to each question or section of question are shown in italics.

Section A

A1l Find the general solution of the equation

d
é = ye” for y > 0. (4 marks)

A2  Find the solution of the equation

dy dy
— +4—=4+13y =0
dx2+ dx+ Y
. dy
which has y = 1 and . =0at x = 0. (11 marks)
x
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A3

A4

A5
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If

and

0 0
use the chain rule to find a—f and a—f, giving your answers in terms of r and s.
r s
(9 marks)

Given that z = sin(x + 2y), verify that

V22 = —bz. (4 marks)

The following table shows the wage bills (in millions of pounds) and the final points
totals of 10 Premier League football clubs for 2007-08:

] Club \ Wages \ Points ‘
Arsenal 101.3 83
Aston Villa 50.4 60
Blackburn Rovers 39.7 58
Bolton Wanderers 39 37
Chelsea 149 85
Everton 44.5 65
Fulham 39.3 36
Liverpool 80 76
Manchester City 54.2 55
Manchester United | 121.1 87

Calculate the means and standard deviations of Wages and Points, and also the
correlation between Wages and Points. (12 marks)
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Section B

Find the solution of the equation

1
given that y = 1 when z = o (10 marks)

Find the general solution of the equation

d*y  dy
SIS 6y = 6e ™. 1
dx2+ . 6y = Ge (10 marks)

Find a vector normal to the surface ¢ = 2 at the point A with coordinates
(—1,2,1), where

¢ = 2’ +ay+32°. (4 marks)
Hence find the equation of the tangent plane to the surface at A.
(3 marks)
Find also the directional derivative of ¢ at A, in the direction d = (1,2, 2).
(3 marks)
A scalar field ¥ and a vector field u are given by
Y =xsiny +ysinz + zsinz, u = (2%, y%z, 2y2).
Verify that
VxViy=0
and
V-(Vxu)=0. (10 marks)
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B3 (a) By integrating by parts twice, evaluate

™
/ e’ cosnx dx,
0

where n is a positive integer. (9 marks)

(b) A function f(z) = e” is defined on the interval 0 < z < 7.

(i)  Show that f(z) can be represented by the Fourier cosine series

1, 2 & 1 o
;( —1)+;;m{6 (=1)" — 1} cosna.

(7 marks)

(ii)  Sketch the function given by the above Fourier cosine series on the
interval —27 < = < 27. (4 marks)
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B4  u(x,t) satisfies the heat conduction equation

ou 0%u

ot ox2
on 0 < x <[, for t > 0, subject to the boundary conditions

u=0 atx=0 and at © = L.

(a)  Show that the general solution is

0 2 2t
u(z,t) = Z B, exp (%) sin (@) : (12 marks)
n=1

(b)  w also satisfies the initial condition u(x,0) = f(z), where

2upx

l

DN | =~

fx) =
2U0 l
T(Z—ZL’) §<.T<l,

and ug is a positive constant.

Sketch the initial condition for 0 < x < [, and determine the constants
B,. (8 marks)

[ You may use the fact that

/OW% sin (Tllﬂ> daz:—l—/l/l2 (1 — %) sin (Tblﬂ> dx

0 n even
= 21
2

W(—l)(n_l)/2 n odd

End of Question Paper
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FORMULA SHEET

Trigonometry
1+ tan?6 = sec® 6

1+ cot? § = cosec?d

cos(A + B) = cos Acos B — sin Asin B
(

:1>

cos(A — B) = cos Acos B + sin Asin B

sin(A + B) =sin Acos B + cos Asin B

( )
( )

sin(A — B) =sinAcos B —cos Asin B
tan A + tan B
tan(A + B) =
an(A + B) 1—tan Atan B
tan A — tan B
tan(A — B) = an ol

1+tan Atan B

sin 260 = 2sin 6 cos

cos20 = 2cos’fd —1=1—2sin*h

acos +bsinf = Rcos(d — o), where R = \/(a® + b?), cosa = a/R and sina = b/R
Hyperbolic Functions

sinhz = é(em —e )

1
coshx = 5(6” +e ")

cosh?z —sinh?x = 1
sech®z 4+ tanh®z = 1
2 sinh z cosh = sinh 2z

cosh 2z = 2cosh?x — 1 = 2sinh?z + 1

sinh™'z = In [a: + /(14 :172)], all x

cosh ™'z =1In [m—l— (x2—1)}, x>1

1 1
tanh_lx:—ln( —HE), |z [<1

2 1—w
1 x+1
th™z =1 > 1
co x 2n<x_1), | z |
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Differentiation and Integration

Function

tan x
cotx
secx
COSecT
sinh x
cosh x
tanh x
cothx
sechx

cosechzx

MAS250

Derivative

nxnfl

1

T

ex
sec?

2
—cosec’xy
secxtanx
—cosecx cot x
cosh x
sinh x
sech?z

2
—cosech”x

—sechx tanh z

—cosechzx coth z

1

(1—2?)
1

(1—2?)

1+ 22
1

MAS250
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Function Integral

1 1 tan- (m)
a? + x? a a

1 1 (T
pp—  tanh ™ (%)

1 . 1 (T
——a2 = x2 Sin <E>
_— sinh~! <£>
N a
—_— cosh™! (f)
V2 —a? a

Differentiation and Integration Formulae
d(uv) dv du
——L =u—+

de u% U@
ﬂ«g>:¢%‘“%
dr \v v?

b b
d
/ uvdz = [u x (integral of v)]° — / ﬁ X (integral of v)dx

Partial Differentiation
Chain Rule

1. Suppose that z = f(z,y) and that = and y are functions of ¢, i.e., x = x(¢),
y =y(t). Then

dz Ozdxr Ozdy

@t ozdt Toydt

2. Suppose that z = f(x,y) and that = and y are functions of the variables r and s,
e, x=ux(rs), y=y(rs). Then

0: _0:00 0:0y 0 _0zor 020y
or  Oxor Oyor’ ds Oxds OyOs
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First-Order Differential Equations

1. Direct Integration

dy
%—f(w)

y:/f(x)dx+0

2. Separation of Variables

3. Homogeneous Equations

dy y)
i
make the substitution y = zz to give
Fhro = f(z)

4. Linear Equations

Y4 P(r)y = Q)

multiply both sides by the integrating factor el P@)de ¢ give

di (yel P(x)dac) _ Q(x)efP(J:)dw
i
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The Second-Order Differential Equation

d*y  dy

where a, b, and ¢ are constants.

General solution is
y = Complementary Function + Particular Integral

The solution, y., is given by

(i) ye = Ae™® 4+ Be™* if m; and ms real and different,
(ii) y. = e™(A+ Bz), if m; and my real and equal (m; = ma = m),

(iii) y. = e’ (Acosqx+ Bsinqz), if m; and mg are complex (my = p+iq, mo = p—iq),
where m; and my are the roots of the auxiliary equation

am? +bm+c=0

Particular Integral, y,

f(z) = Ar* + Bx +C Yy, = azx® + br + ¢

f(z) = Aek® Yy, = aet”
when £ is not one of the roots of the auxiliary equation

f(z) = AeM” Yy, = ave™”

when £ is one of the roots of the auxiliary equation

f(z) = Acosmx + Bsinmx Yp = acosmz + bsinmax
when sin mx or cos mx is not part of the complementary function

f(z) = Acosmz + Bsinmx yp, = x(a cosmx + bsinmux)
when sin mx or cosmax is part of the complementary function
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Fourier Series

Suppose that f(x) is defined on the interval — < x < [. The Fourier series for f(z) is
given by
nw

flx) = — + Z(ancos— + by sinT> ,

where

1 l
= [ e, =012,
-l

1 l
= 1 [ s@s T =0
-l

On the interval 0 < z < [ the Fourier cosine series for f(x) is

Vector Calculus

The gradient of the scalar field ¢(z,y, 2) is given by

_ (99 9¢ 09
Ve = <8x ay’ (92)

The divergence of a vector field u(z,y, z) = (u,v,w) is given by

ou Ov Ow

V'u:£+a—y+$

The curl of a vector field u(z,y, z) = (u,v,w) is given by

i j k

g o0 0

V Xua= % a_y &

v v w

The Laplacian V? is given by

0? 0? 0?
2 —_— —— — —
v 0x? + Oy? + 0722
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Statistics

For data values (z1,y1), (z2,¥2), -, (Tn, Yn)

n
1
Means x:—g x; etc.
n <=
1=

. IR e ] _
Variances s2 = - Z(IZ — 1)’ = - Z(xf) — 7% etc.
i=1 '

s, 1s standard deviation

1

1
Covariance cov(z,y) = - Z(:L’l —z)(y; —9) = - Z(a:zyl) — Iy

_ ] cov(z,y
Correlation coefficient r = M
SaSy

Linear regression by least squares

The least squares fit to the linear relationship

y=a+b(xr—1)

is given by

The corresponding mean square residual is sg(l — 7).
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