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Answer four questions. You are advised not to answer more than four questions: if you
do, only your best four will be counted.

Throughout the paper I and J denote open intervals in R. You may assume all curves,
surfaces and functions are smooth.

A sheet of Basic Formulas for use as needed is given on the final page.

1 (i)  The curve
B(t) = (cost,In(sect + tant) —sint), t € (0,Z)

is called the tractriz.

(a)  Calculate |'(t)| and deduce that 3 is a regular curve. (5 marks)

(b)  Show that for all ¢ € (0, %), the distance from 3(f) to the point of
intersection of the tangent line to 3 at ¢t with the y—axis, is 1.
(5 marks)

(¢)  Determine a unit-speed reparametrization of [, simplifying your
answer as much as possible, and being sure to specify the domain.
(9 marks)

(ii)  Let a: I — R? be a unit-speed curve. Using the fact that {T(s), P(s)} is
an orthonormal basis for R?, for all s € I, or otherwise, prove that

P'(s) = —k(s)T(s).

(6 marks)
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Verify that the following curves are regular and calculate their curvature,
simplifying your answers as far as possible.

B(t) = (e "cost,e sint), t>0;
v(t) = (cos2t + cost + 1,sin 2t +sint), teR. (12 marks)

Let I be an open interval and let f: I — R be a smooth function.
Choose sy € I and define

6(s) — / F(u) du.

Show that

a(s) = ( / cos O(u) du, / sin 0(u) du)

is a smooth unit-speed curve I — R? with curvature x = f.
(5 marks)

Find a unit-speed curve a: R — R? with curvature given by

B 1
T

K ()

Give the curve explicitly, evaluating all integrals and reducing to
simplest terms. (8 marks)
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4 Let p:

(a)
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Let p: A — R? be a surface S.
Show that L = n.p,, and that M =n.p,, = —n,.p,. (5 marks)

Enneper’s surface is
p(u,v) = (u — %u3+u02, v—%v3+vu2, u? — v?), u,v € R.
You are given that the unit normal vector n for Enneper’s surface is
n(u,v) = ;(—QU, 20, 1 —u? —v?).
14 u? + 02

Find the Gaussian curvature K and the mean curvature H of Enneper’s
surface.

(10 marks)
Let p: A — R? be a surface S.
(a)  Define a,b by
—n, = ap, + bp,.
Prove that )
al |E F| |L
b|  |F G M|~
(3 marks)
(b)  Show that
|pu X po| = VEG — F?,
(4 marks)

(c)  Using the fact that for any four vectors a,b,c,d € R?,
(axb).(cxd)=(a.c)(b.d)—(a.d)(b.c),
or otherwise, show that

B n.(n, X n,)
VEG - F?

(3 marks)

A — R? be a surface S in R?.

Suppose that every point of S is a scalar point, and that the principal
curvature « is constant at 0 over all of S. Prove that S is (part of) a plane.
(5 marks)

Suppose that every point of S is a scalar point, and that the principal
curvature s is constant at a # 0 over all of S. Prove that S is (part of) a
sphere. (12 marks)

Suppose merely that every point of S is a scalar point. Show that the
principal curvature x must be constant over all of S. Deduce that S is
either (part of) a plane or (part of) a sphere. (8 marks)

3 Turn Over



MAS336

5 A surface S called the minimal monkey saddle is given by
p(u,v) = (u — (v’ — 10u°v” + buv?), v+ t(5u'v — 10u0® +0°), 2(v® — 3uv?)),

for u,v € R.
(a)  Show that the unit normal to S is

1
n(u,v) = T (2(v* —u?), 4uv, 1 — R®)
where R* = u® + v?. (10 marks)
(b)  Show that L = 4u, and also find N. (10 marks)

(¢)  You are given that
E=G=(1+R"?, F =0, M = —4v.

Find the Weingarten matrix, and the Gaussian and mean curvatures.
(5 marks)

End of Question Paper
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Basic Formulas

The following basic formulas for curves and surfaces are given for use as needed:

Let a: I — R? be a smooth regular plane curve. Then the curvature  is given
by

() — D0 — (Do (1)
(e ()7 + (ah(0)P7

The derivatives of the unit tangent vector T and the unit normal vector P are given by
T = s'kP, P = —s'kT,
where s: I — R is an arc-length function.

Let p: A — R® be a smooth regular surface S, where A is an open connected
subset of R?. The unit normal vector n to S is given by

_ PuX o
|pu X pol’
9p dp .
where p, = s Po = £ The coefficients of the first and second fundamental forms are
u v
given by

E= IPU|2> F=py.p, G= |pv‘2§ L=-n,.py, M=-n4.p,, N=—-ny.p,.

. . [E F]7'[L M
The Weingarten matrix is [F G} [M N

eigenvalues of WW. The Gaussian curvature K of S and the mean curvature H, are given
by

]. The principal curvatures of S are the

LN — M? EN - 2FM + GL
K=detW = ——— H=trW =
¢ EG — F?’ 27 2(EG — F?)

The following trigonometric formulas may be used as needed:

cos(z +y) = cosxcosy — sinzsiny, sin(z + y) = sinz cosy + cos x sin y,

cosh® x —sinh®*z = 1, cosh 2z = cosh?z + sinh?z, sinh 2z = 2sinhz cosh z,

/secxdx =In|secx + tanz| + C.
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