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All solutions should be justified in full. Calculators should be relied upon only for simple
steps like basic arithmetic and plugging numbers into elementary functions.

Section A

Al Tet f(z) = % Sketch the curve y = f(x).
T

A2 Let f(z) =e* — 1. Find f'(2) and state its domain and range.

of Of
A2
A3 If f(z,y) = 42"\/y + 5 cos(zy), find o oy

A4 Evaluate lim

z—0

(x tanh z

sin 2z

) using I’Hopital’s Rule.

A5 Find all the complex numbers z for which |z — 1 —i| = 1 and Re(z) =Im(z).
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A6 Ifa=(7,—2,-5) and b = (5,1, 3), evaluate a-b. Find a non-zero vector perpen-
dicular to both a and b.

A7 Find the definite integral / (x +1)sin g dx.
0

A8 Find the indefinite integral /x(cos )2 dz.

A9 Let A = [ (1) ; ] and B = [ _? ; ] Find AT and B?T and hence show that
(AB)T = BT AT .

A10 Find the general solution of the differential equation

dy e

r—= = — —
dr 2

. -1 . 2 4 } .
A11 Find A " for the matrix A = 1 3| Use this to solve the simultaneous
equations
2v+4y = 14
r—3y = -8

A12 Find the general solution of the equation

Py L dy
S =0
dx? + dzx Ty

such that y = 0 when z = 0.

Section B

B1 Find all the stationary points of f(z,y) = 2* +y* — 22? + 42y — 2y* — 1 and show
that the stationary points not at (0,0) are minima.

B2 By evaluating all the necessary derivatives of y = In(1 + 2?), find the first 2 non-
zero terms of the Maclaurin Series expansion of y. Show that this series can also
be obtained from the Maclaurin Series of y = In(1+x) given on the Formula Sheet.
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B3 Find the modulus and principal argument of the complex numbers z; = 1+ ¢ and

. ) z
2 = V/3 + 4. Hence find all complex numbers z that satisfy the equation 2® = i
<2

and plot them on an Argand diagram.

B4 The position vector of a particle, r(t), is given by
r(t) = (2t*,¢* — 4¢,3t — 5).
(i) Find the velocity and acceleration vectors of the particle.

(ii) Find the unit vector in the direction of r at ¢ = 1. Hence show that, in this
direction, the component of the velocity is 4 times the component of the
acceleration.

B5 Evaluate the definite integral

/22t2+3t+1dt
1

341
writing your answer to 2 decimal places.

B6 Find the value of « for which the following system of equations has infinitely many
solutions and then find those solutions.

dr—y—2z = 2

2r+ay+z =
r—2y—2z = -3
For the case o = —2, without solving the equations state how many solutions

you would expect and write down the solution of the corresponding homogeneous
system of equations.

0 2 4
B7 Let A=| 1 1 —2 |. Find all eigenvalues and eigenvectors of A.
-2 0 5

B8 Using Laplace Transforms or otherwise, find the solution to the differential equa-

tion ,
dvy  ,dy
— 4+ 3— + 2y = sint
az T T
d
subject to the initial conditions y = 0 and Y 0Oatt=0.

dt

End of Question Paper
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These results may be quoted without proof unless proofs are asked for in the questions.

Trigonometry

sin?z +cos?z =1
1+ tan?x = sec? x

1+ cot?x = cosec?x
2sin?z = 1 — cos 2z
2cos?x =1+ cos2x
2sinx cosx = sin 2z
cos(z £ y) = cosxcosy Fsinzsiny
sin(x 4+ y) = sinz cosy £ cos xsiny

tanx £ tany
1 Ftanxtany

tan(z + y) =

acosx + bsinx = Rcos (x — «)

where R =+a?+b |,

_a ; — b
cosa =g and sina = 7

2cosxcosy = cos(x + 1) + cos(z — y)
2sinzsiny = cos(z — y) — cos(z + y)
2sinz cosy = sin(x + y) + sin(z — y)
1 — tan?(z/2)

CBETEIT tan?(z/2)
2t 2
sima = —vn(e/2)
1 + tan?(z/2)
2t 2
tanz = an(z/2)

1 —tan?(z/2)

Hyperbolic Functions

sinhz = (e —e™")

N |

coshz = 1(e” +¢7")

sinh z
tanhx =
cosh x
coshzx
cothx = —
sinh x
1
sechx =
cosh x

cosh? x — sinh*z = 1

2 cosh? z = 1 + cosh 2z

2sinh? z = cosh 2z — 1

2sinh x cosh x = sinh 2x

sech?z = 1 — tanh?z

sinh™'z =In(z ++v22 +1), all o
cosh'z=In(z++v22-1), 2> 1

1 14+«
h'z =1 1
tanh™ z 2n<1_$),\xl<




Series

Sum of an arithmetic series:

first term + last term

X (number of terms)

2
. . 2 n—1 1 - xn
Sum of a geometric series: 1 +x +2x°+ ... +2" " = ]
-
-1
Binomial theorem: (14 z)" =1+ nx + %ﬁ +...+ n) a4
! r
—1 —2)...(n— 1
where (n> _ n(n —1)(n )' (n—r+1)
r 7!

If n is a positive integer then the series terminates and the result is true for all x, other-
wise, the series is infinite and only converges for |z| < 1.

. A R )
Slnx:x—y—i-ﬁ—ﬁ—i—...
x? ot 2
cosT = 1—5—#1—54—...
3% ol :
sinhx:x—i—a—ka—i—ﬁ—l—... valid for all =
B R
coshr = 1+§+Z+a+...
22 o3
expr = 6”221+x3+§4—|—§+... )
m(l+2)=2——+——"4. .. (-l<z<]1)

2 3 4



Differentiation

Function

sin x
tan x
sin~!z
tan~! z

sinh x

tanh z

sinh~!'z

tanh™' z

coth ™tz

Derivative

COsS T

sec” T

1 —

Function

COS ™

cotx

cos ~ I

cot ™t x
cosh z

coth x

cosh™!z

Derivative

—sinzx

—cosec?x




Integration

In the following table the constants of integration have been omitted.

Tt dx

fx"dx:n+1 (n # —1) ?:1n|x|
[ et dx =e” faxdleima (a>0,a#1)
[sinzdr = —cosx [coszdr =sinz
[sec? vdx = tanx [ cosec’z dx = — cot x
[ sinhz dx = coshx [ coshz dx = sinhx
[ sech®z dx = tanhz [ cosech®z dx = — cothz

dx . 4T dz 1. =z
/\/ﬁ:sm - (lz] < a) /mzatan o

LT
—ginh™ ' =

/ dx / dx

Va? + a? a V12 — a2

/ dx B 1 |
a2 — 22 2a t

/ cosecr dr = In tan <g> or In(cosecx — cotx)

= cosh™* g (|z] > a)

a+x
a—x

(= tanh_lg if |z < a)

/Secmda: = Intan (g + g) or In(secz + tanx)

/ cosechz dr = In tanh (g)



Integration by parts

/ f(2) g (x) dz = f(z) g(z) — / f(@) glx) da

Variable substitution in definite integral

If x = ¢(t) is a monotonic function in the interval [, 5] and a = p(a), b = ¢(f), then

b B8
/ f(z) dz = / Fo() & (1) dt

Variable substitution for a rational function of sin x and cos x

2t 1—1¢? d 2
Let t = tan (%) then sinx = 170 cosx = P and d_f T
Table of Laplace transforms
Function f(t) Laplace transform F'(s)
n!
" pEs (forn=0,1,2,...)
eat 1
s—a
ot w
sinw —_—
82 +w2
; s
cosw —_—
52 + w?
. W
sinh wt R
cosh wt = _S 2
e f(t) F(s —a) (shift theorem)
f'(#) sF(s) — f(0)

f(#) s?F(s) = sf(0) = f'(0)



