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This is an open book exam.
Answer ALL questions.

You can work on the exam during the 24 hour period starting from 10am (BST), and you
must submit your work within 130 minutes (2 hours 10 minutes) of accessing the exam
paper or by the end of the 24 hour period (whichever is earlier).

Late submaission will not be considered without extenuating circumstances.
Calculations should be performed by hand. A university-approved calculator may be used.
The use of any other calculational device, software or service is not permitted. To gain
full marks, you will need to show your working.

By uploading your solutions you declare that your submission consists entirely of your
own work, that any use of sources or tools other than material provided for this module
15 cited and acknowledged, and that no unfair means have been used.

1 A moving point has coordinates at time ¢ given parametrically by
r =, y = sint.
. . . dy . :
(i)  Find the gradient T of its trajectory as a function of ¢. (2 marks)
x

(ii)  Show that its trajectory satisfies the differential equation

Py | dy

(4 marks)
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2 In this question, define ¢ = e2™/7.

(i) Using the formula for the sum of a geometric progression, show that

1+(+C+--+ ¢+ =0.

(2 marks)
(i)  Show from (i) that
C+C+MN)+(C+3+¢)+2=0
(2 marks)
(iii)  Deduce from (ii) the value of
cos (2_7r> + cos (41) + cos <8—7T) .
7 7 7
(2 marks)

3 (i) By integrating by parts, show that

21 2
/mlnxd:c:x nx—x——i—C.

2 4

If necessary, you may use the integral /lnxdx =zlnx —x+ C. Here C

is an arbitrary constant. (2 marks)

€I
ii If u = —, give a simplified expression for In u.
. g

xT

e
Hence use the substitution v = — to find
T

/e%; ~ D@ —Inz)dr

x3

(4 marks)
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4 (i)  Write down a diagonal 2 x 2 matrix with eigenvalues 3 and 7, and give the
corresponding eigenvectors. (2 marks)

(i)  Give an example of a 2 X 2 matrix with eigenvalues 3 and 7, and with

2 3
eigenvectors (1) and (1) respectively. (2 marks)
(iii)  Give an example of a 2 X 2 matrix with only one eigenvalue 3, and only one
eigenvector (up to scalar multiples). (2 marks)
5 Let y be a function of x satisfying the differential equation
de 2 bx

such that, when x = 0, we have y = % = 1. Here b > 0 is a positive constant.

(i)  Let Y(s) = L(y(x)) be the Laplace transform of y. Write down an equation
satisfied by Y (s). (2 marks)

(ii) By solving this equation and performing an inverse Laplace transform, solve
the differential equation. (4 marks)

End of Question Paper
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These results may be quoted without proof unless proofs are asked for in the questions.

Trigonometry

sin?z +cos?z =1
1+ tan?x = sec? x

1+ cot?x = cosec?x
2sin?z = 1 — cos 2z
2cos?x =1+ cos2x
2sinx cosx = sin 2z
cos(z £ y) = cosxcosy Fsinzsiny
sin(x 4+ y) = sinz cosy £ cos xsiny

tanx £ tanvy
1 Ftanxtany

tan(z £ y) =

acosx + bsinx = Rcos (x — )

where R =+a?+b |,

_a ; — b
cosa =g and sina = 7

2cosxcosy = cos(x + 1) + cos(z — y)
2sinzsiny = cos(z — y) — cos(z + y)
2sinz cosy = sin(x + y) + sin(z — y)
1 — tan?(z/2)

CREEIT tan?(z/2)
2t 2
sima = —vn(e/2)
1 + tan?(z/2)
2t 2
tanz = an(z/2)

1 —tan?(z/2)

Hyperbolic Functions

sinhz = (e —e™")

N |

coshz = £(e” +¢7")

sinh z
tanhx =
cosh x
coshzx
cothx = —
sinh x
1
sechx =
coshx

cosh? x — sinh*z = 1

2 cosh? z = 1 + cosh 2z

2sinh? z = cosh 2z — 1

2sinh x cosh x = sinh 2x

sech’z = 1 — tanh?z

sinh™ 'z =In(z ++v22 +1), all o
cosh'z=In(z++v22-1), 2> 1

1 14+«
h'z =1 1
tanh™ z 2n<1_$),\xl<




Series

Sum of an arithmetic series:

first term + last term

X (number of terms)

2
. . 2 n—1 1 - xn
Sum of a geometric series: 1 +x +2x°+ ... +2" " = ]
-
-1
Binomial theorem: (14 z)" =1+ nx + %ﬁ +...+ n) a4
! r
—1 —2)...(n— 1
where (n> _ n(n —1)(n )' (n—r+1)
r 7!

If n is a positive integer then the series terminates and the result is true for all x, other-
wise, the series is infinite and only converges for |z| < 1.

. A R )
Slnx:x—y—i-ﬁ—ﬁ—i—...
x? ot 2
cosT = 1—5—#1—54—...
3% ol :
sinhx:x—i—a—ka—i—ﬁ—l—... valid for all =
B R
coshr = 1+§+Z+a+...
22 o3
expr = 6”221+x3+§4—|—§+... )
m(l+2)=2——+——"4. .. (-l<z<]1)

2 3 4



Differentiation

Function

sin x
tan x
sin~!z
tan~! z

sinh x

tanh z

sinh~!'z

tanh™' z

coth ™tz

Derivative

COsS T

sec” T

1 —

Function

COS ™

cotx

cos ~ I

cot ™t x
cosh z

coth x

cosh™!z

Derivative

—sinzx

—cosec?x




Integration

In the following table the constants of integration have been omitted.

Tt dx

fx"dx:n+1 (n # —1) ?:1n|x|
[ et dx =e” faxdleima (a>0,a#1)
[sinzdr = —cosx [coszdr =sinz
[sec? vdx = tanx [ cosec’z dx = — cot x
[ sinhz dx = coshx [ coshz dx = sinhx
[ sech®z dx = tanhz [ cosech®z dx = — cothz

dx . 4T dz 1. =z
/\/ﬁ:sm - (lz] < a) /mzatan o

LT
—ginh™ ' =

/ dx / dx
Va? + a? a V12 — a2
/ dx B 1 | 1

a2 — 22 2a t

(= ~tanh 2 if |z| < a)
a
/ cosecr dr = In tan <g> or In(cosecx — cotx)

= cosh™* g (|z] > a)

a+x
a—x

a

/Secmda: = Intan (g + g) or In(secz + tanx)

/ cosechz dr = In tanh (g)



Integration by parts

/ f(2) g (x) dz = f(z) g(z) — / f(@) glx) da

Variable substitution in definite integral

If x = ¢(t) is a monotonic function in the interval [, 5] and a = p(a), b = ¢(f), then

b B8
/ f(z) dz = / Fo() & (1) dt

Variable substitution for a rational function of sin x and cos x

2t 1—1¢? d 2
Let t = tan (%) then sinx = 170 cosx = P and d_f T
Table of Laplace transforms
Function f(t) Laplace transform F'(s)
n!
" pEs (forn=0,1,2,...)
eat 1
s—a
ot w
sinw —_—
82 +w2
; s
cosw —_—
52 + w?
. W
sinh wt R
cosh wt = _S 2
e f(t) F(s —a) (shift theorem)
f'(#) sF(s) — f(0)

f(#) s?F(s) = sf(0) = f'(0)



